Heterogeneous bipartite quantum pure states, composed of two subsystems with a different number of levels, cannot have both reductions maximally mixed. In this work, we demonstrate existence of a wide range of highly entangled states of heterogeneous multipartite systems consisting of N > 2 parties such that every reduction to one and two parties is maximally mixed. Two constructions of generating genuinely multipartite maximally entangled states of heterogeneous systems for an arbitrary number of subsystems are presented. Such states are related to quantum error correction codes over mixed alphabets and mixed orthogonal arrays. Additionally, we show the advantages of considering heterogeneous systems in practical implementations of multipartite steering.
I. INTRODUCTION
Characterization of entanglement in multipartite quantum systems is an important open problem in quantum theory. Entangled states have a fundamental role in quantum teleportation, quantum key distribution, dense coding and error correcting codes [1, 2] and quantum computation [3] . Furthermore, they allow us to generate multipartite Bell inequalities [4] and to formulate an independent proof of the Kochen-Specker theorem [5] . In recent years, multipartite entanglement for homogeneous systems of N -qudit systems, i.e., pure states belonging to a Hilbert space H ⊗N d , has been thoroughly studied [1] . In particular, graph states [6] provide many classes of entangled states, including the maximally entangled ones.
In a more general setup, quantum states belong to a Hilbert space of the form H l . Investigation of entanglement in heterogeneous systems was recently performed in several particular cases, e.g. for tri-partite systems, 2 × 2 × n = 2 2 × n [7, 8] and 2 × n 1 × n 2 [9] [10] [11] , and for four-partite systems, 2 3 × n [12] . A key problem for characterizing entanglement in heterogeneous systems is the lack of a suitable mathematical tool -for instance the Galois fields do not exist in non-prime power dimensions. Therefore, the study of entanglement for heterogeneous systems is even more challenging than for the homogeneous case.
Properties of quantum entanglement for heterogeneous bipartite systems are well understood, whereas the complexity of the analogous problem for tripartite systems becomes intractable in general. It has been proven that the problem of calculating the rank of a tensor with three indices over any finite field is NP-complete with respect to the dimension of the tensor [13] .
The codification of information in the orbital angular momentum of photons is a resource to generate an unbounded number of discrete levels [14, 15] . This technique has allowed one to improve classical [16, 17] and quantum [18, 19] communication protocols. Remarkably, taking into account subsystems consisting of more than two levels each, improves security of some quantum information protocols [20] [21] [22] [23] , increases capacity of quantum channels [24] and efficiency of quantum gates [25] . Recently, experimentalists paid attention to the entanglement of different degrees of arXiv:1602.08064v2 [quant-ph] 12 May 2016 freedom (e.g. path-polarization) and successfully generated a qubit-qutrit hyperentangled state [26] . Additionally, a three partite state composed of one qubit and two qutrits exhibiting genuinely multipartite entanglement was generated in laboratory [27] . These results provide a motivation to study protection of entanglement in heterogeneous systems under decoherence [28, 29] . It is fair to expect that multipartite entangled states of heterogeneous systems consisting of several qubits and qutrits will be implemented in a near future. However, the theory of quantum entanglement in heterogeneous systems consisting of several subsystems of different sizes is by far not complete. The main aim of this work is to provide a concrete contribution in this direction by considering mixed orthogonal arrays.
A pure mutipartite state of a system containing N subsystems is called k-uniform if every density matrix reduced to k subsystems is maximally mixed [1] . Such states are also called maximally multipartite entangled [30] and can be considered as multipartite generalizations of the two-qubit Bell state. Maximally entangled states of homogeneous systems consisting of N subsystems of d levels each are closely related to quantum error correcting codes for messages encoded in an alphabet consisting of d letters [1, 2] . Furthermore, such states are useful for quantum secret sharing protocol [31] and to design holographic quantum codes [32] [33] [34] .
Highly entangled k-uniform multipartite states can be constructed from graph states [35] , orthogonal arrays [36] , mutually orthogonal Latin squares and Latin cubes [37] and symmetric matrices [38] . In the present paper, we consider an extension of orthogonal arrays, known as mixed orthogonal arrays (MOA) [39] , which allows us to construct genuinely multipartite maximally entangled states for heterogeneous systems, related to quantum error correction codes over mixed alphabets [40] .
This work is organized as follows: In Section II we establish a link between mixed orthogonal arrays and multipartite entanglement for heterogeneous systems. Additionally, the central concept of irredundant MOA is introduced together with basic properties and clarifying examples. In Section III, two powerful constructions to generate irredundant MOA are shown. These constructions allow us to generate maximally entangled states for a wide range of heterogeneous systems. In particular, we prove the existence of 1-uniform and 2-uniform states for heterogeneous systems for any number of parties. In Section IV, we exemplify our constructions by presenting explicitly some new quantum states. Furthermore, we show that every quantum state generated by our proposed techniques can be written as linear combination involving orthogonal GHZ-like states. In Section V we introduce the concept of endurance of k uniformity, which allows us to extend the variety of k-uniform states that we find. In Section VI, we present some applications of maximally entangled states for heterogeneous systems to quantum steering. Furthermore, we construct the simplest 1-uniform state of this work corresponding to a system of two qubits and one qutrit. In Section VII, we discuss main results of the work and present some open questions. Finally, in Appendix A we show how to find maximally entangled states from redundant MOA and we exemplify this method by finding a 1-uniform state consisting of one qubit and two qutrits, which is not possible to find from an irredundant MOA.
II. HETEROGENEOUS ENTANGLEMENT AND MIXED ORTHOGONAL ARRAYS
Orthogonal arrays provide a fundamental tool to design experiments and are known as Taguchi Designs [41] . In a previous work we studied orthogonal arrays and their relation to maximally entangled states of homogeneous systems consisting of N subsystems with d levels each [36] . Here, we consider mixed orthogonal arrays [39, 42] , also called asymmetric orthogonal arrays [43] , which form a natural generalization of orthogonal arrays (OA). A mixed orthogonal array MOA(r, d
is an array of r rows and N columns (r×N array), with N = n 1 +n 2 +· · ·+n l such that the first n 1 columns have symbols from {0, 1, . . . d 1 −1}, the next n 2 columns have symbols from {0, 1, . . . d 2 − 1} and so on, with the property that any r × k subarray contains every possible combination of k symbols with the same number of appearance. An OA is a particular case of MOA having identical set of symbols in every column, that is,
The notation considered here for OA and MOA was introduced by Rao [42] . For an excellent introduction to orthogonal arrays and their applications consult the book of Hedayat, Sloane and Stufken [39] .
Orthogonal arrays offer a convenient tool to generate highly entangled states for homogeneous multipartite systems composed of N qudits [36] , including Dicke states [44] , cluster states [45] and graph states [46] . A MOA(r, d 
which lead to k-uniform states of the system d
l , consisting of n 1 subsystems having d 1 levels, n 2 subsystems having n 2 levels and so on. Without loss of generality we assume that 
For brevity the normalization factors in front of pure states discussed in this work are omitted. In particular, an IrOA(r, d [36] , defines a k-uniform state of a homogeneous system consisting of N subsystems with d levels each. This condition means that the partial trace over any selected N − k subsystems forms the maximally mixed state of k qudits.
The classes of states that can be constructed from IrMOA posses two remarkable properties [36] : (A) Uniformity: every combination of k symbols has the same number of appearance along the rows. This implies that every reduction to k qudits, ρ k = Tr N −k (|Φ Φ|), has a uniform diagonal. (B) Diagonality: the irredundancy of the MOA implies that every reduction ρ k to k qudits forms a diagonal matrix. In this way, OA and irredundancy are the two conditions sufficient to assure uniformity and diagonality of partial traces. This in turn implies that the corresponding pure state is k-uniform. We remark that the same properties hold in the same way for states constructed from IrMOA. Let us present some examples. The array
defines the standard Bell state, |00 + |11 , while
yields the GHZ state, |000 + |111 . In the case of multilevel systems we have, for instance
which defines a 1-uniform state of a system 4 × 2 2 consisting of one ququart and two qubits,
The MOA (5) is listed in the on-line catalog of MOA of strength 2 provided by Kuhfeld [47] . However, state (6) does not capture the aim of our goal. Note that the ququart in the state (6) can be decomposed into two qubits in order to get a 1-uniform state of 4 qubits systems:
where we considered the identification: |0 → |00 , |1 → |01 , |2 → |10 and |3 → |11 . By this reason, in the rest of the work we will be mainly focused on genuinely heterogeneous systems, i.e., systems composed of subsystems with coprime levels (e.g. qubits-qutrits or qutrits-ququints). These kind of heterogeneous systems cannot be transformed into homogeneous systems by an identification of symbols, like the one used for the state (6).
III. CONSTRUCTION OF IRREDUNDANT OA AND MOA
In this section, we provide a general framework to construct IrMOA which represents a natural tool to generate genuinely multipartite entangled states for heterogeneous systems with an arbitrary number of parties. In the previous work [36] we used the fact that real Hadamard matrices allow one to construct IrOA(r, 2 N , 2) for N > 5 and suitable values of r. From such arrangements we were able to generate 2-uniform states for N > 5 qubits systems. Here, we generalize this result to IrMOA by considering the combinatorial notion of difference schemes [39, 48, 49] . A difference scheme D(s, N, d) is an arrangement having s rows, N columns and d different symbols such that the difference between every pair of rows, with respect to operations in the Galois field GF (d), contains the d symbols equally often. Thus, there arises the following method to obtain IrMOA of strength one from difference schemes. 
In order to construct a genuine IrMOA we have to consider a difference scheme D(s, N, d) such that ds is not the integer power of a prime number. For example, we can consider D(2, 3, 3) = {000; 012} and obtain the genuinely mixed orthogonal array IrMOA(6, 3 
Let us present a further example. We shall skip the case D(2, 4, 4) = {0000; 0123} as ds = 4 × 2 = 8 defines an IrOA instead of a genuine IrMOA. So, we discuss the larger case, D(2, 5, 5) = {00000; 01234}, which leads to mixed orthogonal array IrMOA(10, 
The above examples can be generalized to any number of columns N by considering the difference scheme
Until now we constructed irredundant mixed orthogonal arrays of strength k = 1 from difference schemes of the form D(2, N, N ). However, Construction 1 also works for more general kinds of difference schemes. Here, we have a remarkable observation: From considering Construction 1 and a difference scheme of the form D(N, N, d) we produce a MOA of strength 2 [48] that is irredundant. This property has a central role in this study and it represents the most important contribution of the present paper. We consider this special result as a separate construction:
exists, where p 1 , . . . , p m are the m distinct prime factors of dN and d is a prime power number.
The case N = 2 implies d=2 and it does not work here because the number of columns of the resulting IrMOA is three and this array is too small to assure irredundancy. This case generates the 1-uniform state of Eq.(9). It is important to note that if d is prime then the IrMOA arising from Construction 2 are given in the same way as Construction 1. However, if d is a prime power then we have to consider the Galois field GF (d) (see Appendix B). Otherwise the IrMOA only has strength k = 1.
It worth noting that a class of difference schemes of the form D(p, p, p) can be generated from the Fourier matrix ( 
Let us present some examples of Construction 2 by considering some of these difference schemes. From D(3, 3, 3) = {000; 012; 021} we note that there is a single prime factor of dN = 9, so we can generate the IrMOA(9, We would like to stress that orthogonal arrays are simple to construct from difference schemes D(s, N, d) when the number of symbols d is prime. In this case, the symbols to be considered are elements of the group Z d and the difference operation is taken modulo d, as we showed along the work. However, when d is a prime power the construction of orthogonal arrays from difference schemes requires to use Galois fields. In Appendix B we exemplify the construct with Galois fields by constructing the irredundant orthogonal array OA (16, 4, 4, 2) , and the corresponding quantum state, from the difference scheme D (4, 4, 4) .
IV. QUANTUM STATES FROM IRREDUNDANT MOA
Before constructing k-uniform states related to IrMOA it is interesting to study the maximal values of the strength k allowed for systems d
For homogeneous systems consisting of N qudits having d levels each the upper bound is k ≤ N/2. The states saturating this inequality are called absolutely maximally entangled (AME) [31, 51] . For example, Bell states are AME for two qubit systems. For a general d 1 × d 2 system with d 1 = d 2 AME states do not exist. This is because the von Neumann entropies of the reduced density matrices ρ 1 = Tr 2 (ρ 12 ) and ρ 2 = Tr 1 (ρ 12 ) are equal, so that both reductions of different dimensions cannot be maximally mixed. Following the same argument, k-uniform states consisting of N = 2k heterogeneous subsystems do not exist [1] . Despite this fact, there is a place for a wide range of k-uniform states with k < N/2. To get a more precise upper bound for k note that for a system 
where n i = min{n i , max{k − i−1 j=1 n j , 0}}. Here, we recall the already assumed convention,
In the particular case of N qudits with d levels each Eq.(15) reduces to the standard bound, k ≤ N/2. Furthermore, a k-uniform state consisting of n 1 ≥ k qutrits and n 2 qubits satisfies the bound
for any n 2 . Let us now to construct 1-uniform and 2-uniform states applying Constructions 1 and 2, respectively. We start by considering the 1-uniform state of 3 qubits arising from IrOA(4, 2 3 , 1) of Eq. (9) which is accidentally homogeneous,
Here, we followed the identification between Ir-MOA and quantum states given in Eq. (1) 
Additionally, IrMOA(10, 5 6 2 1 , 1), explicitly written in (11) yields the 1-uniform state of the system 5 6 × 2,
States (18) and (19) can be generalized for any number of parties by considering the difference scheme D(2, N, N ) defined in Eq. (12) . Thus, we generate the following 1-uniform state,
where 
There exist a useful compact way to write every state arising from Construction 1 and 2. Introducing the shift operator,
the GHZ state of N subsystems with d levels each,
and its generalization,
we can write
(27) where addition in Eq. (24) is understood modulo
. . , p m } are the distinct prime factors of N and {p m +1 , . . . , p m } is the subset of the distinct prime factors of s which are not in common with the prime factors of N .
The superpositions of GHZ-like states (27) should not be confused with a particular class of mixed quantum states called X states [52] . The X states are convex combinations of GHZ-like rank-one projectors |GHZ GHZ|, whereas here we consider superpositions of GHZ-like vectors |GHZ j .
V. ENDURANCE OF K-UNIFORMITY
In Section IV we generated k-uniform states for heterogeneous systems by considering IrMOA. Here, we show that some columns of IrMOA can be removed without loosing the irredundancy of the orthogonal array in question. As consequence, from the k-uniform state {|φ 
and m is the number of distinct primes factors of sN . Here, the number µ k is called endurance of k-uniformity and it represents the maximal number of columns of an IrMOA that can be removed so that the remaining MOA preserves both irredundancy and strength k. It is important to stress that the N − x columns to be removed have to contain exactly d different symbols. Otherwise, the endurance of k-uniformity would be not univocally defined. Observe that the action of removing a column in an IrMOA is not related to a local measurement performed by a given party. Hence, endurance of k-uniformity is not related to the persistency of entanglement [45] , which represents the minimal number of parties that should make a local measurement in order to assure that the remaining state is a fully separable. Indeed, by removing N − 2 columns of the IrOA(2, 2 N , 1) = {0 . . . 0; 1 . . . 1} we get the IrOA(2,2 2 , 1) = {00; 11}. This operation can be associated to a mapping of the GHZ state of N qubits into the Bell state. Thus, the IrOA(2,2 N ,1) has endurance of 1-uniformity µ 1 = N − 2, as 1-uniformity remains after removing N − 2 columns of the IrOA. On the other hand, any local measurement on a system prepared in a GHZ state of N parties lead us to a fully separable state, so the GHZ state has persistency of entanglement P E = 1 for any number of parties N . Table I shows the endurance of k-uniformity for every state explicitly constructed in Section IV. Let us highlight a 1-uniform the state appearing in this table. After removing the second and third column of the state |φ 3 4 2 1 defined in Eq. (18) we generate the 1-uniform state
In Appendix A we demonstrate that the simplest 1-uniform state for heterogeneous systems corresponds to the system 3 × 2 × 2 and it does not arise from irredundant orthogonal arrays. This state is given by
Note that this state is written in a linear decomposition of three orthogonal Bell states. Also, it is symmetric under the interchange of qubits. The simplest case for 2-uniform states of heterogeneous systems arises by removing two columns in the IrMOA associated to the state (21) . Therefore, the following 2-uniform state for systems 3 5 × 2 arises:
In the on-line catalog of Kuhfeld [50] there are several difference schemes D(s, N, d) for s > 2 explicitly presented in Section IV. The first three rows correspond to 1-uniform states and the last three rows to 2-uniform states. The resulting 2-uniform and 1-uniform states obtained after removing µ2 and µ1 columns, respectively, are shown in the 4-th and 5-th column. The 2-uniform state for heterogeneous system belonging to the smallest possible Hilbert space that we found in this work is |φ 3 5 2 1 (bold).
which allow us to generate further 1-uniform and 2-uniform states of heterogeneous systems in the same way as Constructions 1 and 2.
Let us mention that 2-uniform states for N qudits having a prime number of levels d can be obtained with use of Construction 2 followed by removing the columns associated to the heterogeneous system.
VI. QUANTUM STEERING FOR HETEROGENEOUS SYSTEMS
In Section IV we have found quantum states for heterogeneous systems exhibiting high multipartite entanglement. In this section, we show that the consideration of heterogeneous systems helps us to implement quantum steering in a more efficient way. For the system 3 × 2 × 2 we have found the 1-uniform state |φ 322 , given in Eq. (30) . This state has interesting properties in common with the GHZ state of three qubits. Indeed, for a system 3 × 2 × 2 prepared in the state |φ 322 Alice is able to steer the state of Bob-Charlie from a separable to a maximally entangled one. Specifically, if Alice collapses her subsystem into the state |ψ A = |0 + |2 then Bob and Charlie are in the fully separable state |00 . On the other hand, if Alice collapses her state to |ψ A = |0 then the remaining state of Bob-Charlie is the Bell state |00 + |11 . Alice is also able to steer the state of Bob-Charlie in a similar way when she has a qubit insted of a qutrit if the system is prepared in the state |GHZ [53] . Thus, concerning steering there is no apparent advantage of the third extra level of Alice provided by the qutrit. However, there is a clear advantage for realistic implementations, i.e., under the presence of noise. In Fig.1 we compare the robustness of entanglement of the steered state of Bob-Charlie under the presence of white noise for the cases: (i) the system is 2 × 2 × 2 and the state is |GHZ (ii) the system is 3 × 2 × 2 and the state is |φ 322 . To this end, we consider the noisy tripartite states
and
respectively. As we can see from Fig.1 , the fact that Alice posses a qutrit instead of a qubit leads to more robustness of entanglement under the presence of noise for the subsystem of Bob-Charlie.
As measure of entanglement, we considered here the negativity [54] , i.e., the absolute value of the sum of the negative eigenvalues of the matrix ρ T2 AB , where T 2 denotes the partial transposition. A realistic value of the fidelity for the experimentally generated GHZ state of three qubits is F = GHZ|ρ GHZ λ |GHZ ≈ 0.89 (trapped ions [55] ), which means that λ ≈ 0.13, under the assumption of a white noise model. Therefore, the advantage of the qutrit over the qubit on Alice side implies an additional 2% of entanglement (see Fig.  1 ). Despite this simple illustration does not have an important practical advantage the robustness of entanglement increases for a higher number of particles and levels, where entanglement is much more sensitive to the presence of noise.
Finally, let us recall that the 1-uniform and 2-uniform states for systems d N × p 1 × · · · × p m allow the general form (see Eq. (27))
This implies that any single party associated to a subsystem having p k levels can steer the state of the homogeneous part of N qudits to p k mutually orthogonal GHZ states. For example, the state of the system 3×3×2 defined in Eq. (29) is equivalent to the state
Here, Charlie can steer the state of Alice-Bob to the orthogonal Bell-like states:
if he collapses his subsystem into the states |ψ C = |0 and |ψ C = |1 , respectively. (32) and (33)). The solid lines corresponds to the heterogeneous system 3 × 2 × 2 and the dashed line to the homogeneous system 2 × 2 × 2. The qutrit allows to Alice to steer the state of BobCharlie in a more robust way, exhibiting a practical application of heterogeneous quantum states.
VII. CONCLUDING REMARKS
Multipartite quantum states were usually studied for homogeneous systems consisting of subsystems with the same number of levels. As several experimentally studied physical systems consists of subsystems of different numbers of levels in this work we analyzed quantum entanglement in heterogeneous systems.
Highly entangled quantum states of homogeneous systems consisting of N subsystems with d levels each can be related with irredundant orthogonal arrays [36, 38] containing symbols from a d-letter alphabet. Making use of mixed orthogonal arrays [42, 43] we generalized this relation for quantum states of heterogeneous systems.
In particular, we presented explicit constructions of one and two-uniform states for several heterogeneous quantum systems. Simple cases include the one uniform state (29) of a system consisting of two qutrits and one qubit and (30) for one qutrit and two qubits. Further cases are the one uniform state (18) of four qutrits and one qubit, and state (19) for six subsystems with five levels each and one qubit. Furthermore, the state (21) of a system containing seven qutrits and one qubit is two uniform. From here, the state of 5 qutrits and 1 qubit (31) arises, which represent the simplest 2-uniform state presented in this work (see Table I ).
It is tempting to believe that some states discussed in this work can be useful for experimental purposes, as they exhibit more robustness under noise for multipartite quantum steering. Furthermore, the multipartite heterogeneous states minimize the number of levels required by a single party to steer the state of its complementary part to maximally entangled states (see end of Section VI).
Finally, let us mention that k-uniform states for heterogeneous systems can be useful to construct quantum error correction codes. Several questions related to maximally entangled states for heterogeneous systems remain open. For example, it is not known for which heterogeneous quantum systems k-uniform states exists. In particular, it would be interesting to find examples of 3-uniform states for such systems.
is irredundant. However, after removing the first column there are repetition of symbols. The only restriction to have ρ A maximally mixed is given by e i(α1−α5) + e −iα4 = 0,
where α 1 = · · · = α 4 = 0 and α 5 = π is a solution. The fact that there is only one equation for the phases α j implies that there is only one redundancy for the MOA. Therefore, the following state of system 3 × 2 × 2 is 1-uniform: |φ 3 1 2 2 = |000 +|011 +|101 +|110 +|200 −|211 . (A2) To our best knowledge, the maximally entangled state (A2) did not appear in the literature so far. where addition of the elements of GF (4) is given according to Table II 
where t denotes transposition. The corresponding 2-uniform state is given by |φ 4 4 = |0000 + |0123 + |0231 + |0312 + |1111 + |1032 + |1320 + |1203 + |2222 + |2301 + |2013 + |2130 + |3333 + |3210 + |3102 + |3021 . (B4)
